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Introduction 
The subject of the paper is the unweighted 3-connectivity augmentation problem: 
“Given a simple undirected graph G with 1 V(G)1 > 3, determine a smallest set of 
edges whose addition to G result in a 3-vertex-connected graph.” We show such 
minimum number of edges and an O(p(p + q)2) algorithm for finding a solution, 
where p= 1 I/(G)/ and q= IE(G)J. (The weighted version, asking for a minimum- 
weight set of edges, is NP-complete even if G is 2-vertex-connected [9].) [7] solved 
the unweighted k-edge-connectivity augmentation problem. See [l-3,5-9] for the 
related problems. 
1. Definitions 
A graph G = (V(G),,!?(G)) consists of finite sets V(G) of vertices and E(G) of 
edges, where no multiple edges exist. G[S] denotes the subgraph induced by S c V(G) 
of G. G[ I/- S] is denoted by G - S. Let M(u, u) denote the maximum number of 
pairwise vertex-disjoint (u, u)-paths in G. A set KC V(G) is called a (u, u) vertex 
separator if G-K is disconnected and the vertices u, u belong to distinct connected 
components of G -K. A (u, o) vertex separator K with JK 1 = M(u, u) is called a cut- 
pair if IKI =2, or a cutpoint if IKI = 1. The vertex-connectivity c(G) of G is the 
minimum number of vertices whose deletion from G disconnect it or result in a 
single vertex. G is 3-vertex-connected if and only if c(G) 2 3, that is, G is connected, 
I V(G)1 L 4 and has neither a cutpoint nor a cutpair. Let 0 I m 5 3 and 0 #S c V(G). 
S is an m-component of G if and only if (i) M(u, u) 2 m Vu, u ES (u # u), and (ii) 
VU’E F’(G) - S, ~U’E S such that M(u’, u’)<m. (Note that an m-component S is 
defined as a set of vertices and that if m=3, then G[S] is not always 3-vertex- 
connected.) Clearly c(G) ~3 if and only if F’(G) is a 3-component. Let r(m) denote 
the class of all m-components of G. 
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2. Outline of characterization 
We repeat adding a new edge, connecting vertices in distinct l-components or 
those separated by either a cutpoint or a cutpair, so that intermediately a larger m- 
component, m 5 3, or finally one 3-component containing all vertices of G may be 
obtained. The point is that, given a graph G, we can compute two values, the de- 
mand D(G) of G concerning the requests for attachment of new edges and the 
separation degree b(G) of G concerning the number of edges to be added across cut- 
pairs, for which the following theorem holds. 
Main theorem. The cardinality R(G) of a solution is given by the augmentation 
number T(G) = max{ rD(G)/21, b(G)} f or any graph G with 1 V(G)1 > 3, where [xl 
is the minimum integer not less than x. 
We first show that c(G)>3 if and only if T(G) =O. Then we can prove that 
R(G) 2 T(G): these will be realized from the examples of computing D(G) and b(G). 
Proving the converse needs many lemmas and is done by induction on augmentation 
numbers: it can be proved that if c(G)<3, then G has two vertices, called an ad- 
missible pair, such that T(G’) = T(G) - 1 for G’ obtained by connecting them by a 
new edge. This implies an algorithm to find a solution by repeating the choice of 
an admissible pair, connecting them by an edge and determining new m-components, 
c(G’)lml3. 
3. Computation of T(G) 
We explain how to compute D(G) and b(G) by using the graph G1 of Fig. 1. 
They are computed from the demands D(S) for SE r(m), c(G) I m 5 3, and the 
separation degrees b(K) of cutpairs K, respectively. D(S) denotes the requests made 
by vertices in S for attachment of new edges so that a new larger 3-component in- 
cluding those which are subsets of S may be created. b(K) is the minimum number 
of edges necessary to obtain a connected graph in which K is no longer a cutpair. 
The demand of G, D(G), is defined by D(G) =0 if c(G)? 3, and D(G) = 
c s,C VCGj S,ErCm,j D(S’) otherwise, where m’= c(G) + 1. The demand D(S) of 
SE r(m),’ c(G) I m I 3, is computed recursively, beginning with S’E r(3). First we 
3 6 9 10 
Fig. 1. A graph G, 
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need the degree of S, d(S) = IX(S)l, with X(S) c V(G) defined by: if S = {u}, then 
X(S) consists of vertices adjacent to u; for jS j L 2, if m = 1, then X(S) = 0; if m = 2, 
then X(S) consists of cutpoints of G contained in S; if m = 3 and 2 I IS I 5 3, then 
X(S) = S; if m = 3 and 1s 1 L 4, then X(S) is the union of cutpoints K and cutpairs K’ 
of G such that K, K’ c S. For example, 3-components Si = {I}, S2 = (2)) S, = {8}, 
&={13}, S,=(5), &={3,4}, S,={4,7}, S,=(6), and S,={9,10,11,12} of Gi 
haved(S,)=2ifeither l~i~40r6~i~7,d(S,)=1,d(S,)=4andd(Sg)=3.Weset 
ED(S) = max{ 3 - d(S), O> for each SE r(m). This is to denote the requests for attach- 
ment of new edges, each having only one endvertex in S, so that the degree of S after 
their addition may be at least 3. For SE r(3), we set D(S) = 0 if either 1 < jS I< 4 or 
S = V(G), and D(S) = ED(S) otherwise. In Gi , we have O(S;) = 1 if 1 I ir 4, D(S,) = 2 
and D($)=O if 61i19. Next, for Sir such that S@r(m+ 1) and c(G)sm<3, 
we set D(S) = max{ED(S), LD(S)}, where LD(S) = CS,cS,SIEr(m+ i) D(S’). Gi has 
2-components T,={1,2,3,4,6,7,8}, T2={5} and T,={9,10,11,12,13). Tl has 
ED( Tl) = 2 and includes six 3-components S, with O(Si) = 1 if 1 I is 3 and D(Si) = 0 
if 6 I is 8, totalling CiO(S,) = 3 requests for attachment of new edges. This explains 
the meaning of D(T,) =max{ED(Ti), CiD(Sj)} = max{2,3} = 3. Other 2-compo- 
nents 7;, 2<i<3, of G, hasD(T,)=max{2,2} =2 and D(T,)=max{2, l} =2. Hence 
D(G,) = 7 and rD(G,)/21= [7/21= 4. 
The separation degree b(G) of G is determined from the separation degrees b(K) 
of cutpairs K in G: b(G) = max{b(K): K is a cutpair of G}, where we set b(G) =0 
if G has no cutpair. b(K) is given by b(K) = ([ - 1) + z(K) - 1, where [ is the number 
of l-components of G and z(K) is that of l-components of H,-K in which Hi 
denotes the l-component of G such that KC I/(Hi). As an example, for the cutpair 
K4 = {4,6} of G,, G1 - K4 has four l-components, requiring at least b(K,) = 4 - 1 = 3 
edges across K4. G1 has cutpairs K,={3,4), K2={4,7}, K3={3,7}, K4={4,6} and 
K, = { 11,12} with z(K,) = 3, z(K2) = 2, z(K3) = 2, z(K4) = 4 and z(Kg) = 2, showing 
that b(G,) = b(K,) = 3. 
Clearly R(G,) 2 T(G,) = max{ rD(G,)/21, b(G,)} = max(4,3) = 4, and generally 
R(G) L T(G). Proving the converse, R(G) I T(G), is omitted because of shortage of 
space (see [9]). A solution for G, is { (1,5), (5,13), (2,8), (7,12)}, where each edge 
added in this order connects an admissible pair. 
4. Time complexity 
Computing T(G) and choosing an admissible pair to obtain G’ with T(G’) = 
T(G) - 1 can be done in O(N2) time by using the O(N) algorithm of [4], where 
N=p + q. Since T(G) I r3p/21, we have an O(p(p + q)2) algorithm for the problem 
(see ]6,8,91). 
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